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Abstract: Based on Grey System Theory and the inverted normal quality gain—loss function, the
inverted normal grey quality gain—loss function model is put forward. According to the constant
compensation and hyperbolic tangent compensation, the grey quality gain-loss function model
with nominal-type characteristics, larger-the-better characteristics and smaller-the-better character-
istics is built. A multivariate grey quality gain-loss function model with multiple sub quality in-
dexes and the concept of grey quality gain—loss cost are proposed. Case analysis is applied to the
quality control of dam concrete construction, which verifies the applicability of the model and pro-
vides an important reference for research on the new theory of dam concrete construction quality
control.
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1. Introduction

According to the Japanese expert on quality management, Dr. Genichi Taguchi, as
long as the product deviates from the target value, a loss will occur. For the interpretation
of this kind of quality loss, he proposed a method to quantitatively describe the product
quality loss: the quadratic loss function [1]. Based on the theory of Taguchi’s quality loss,
scholars conducted various research as follows. The inverted normal distribution function
was proposed to use a new quality loss function to solve the unbounded problem existing
in Taguchi’s model, and an asymmetric quality loss function model was established for
the problem of quality loss [2]. Some scholars have put forward a new mathematical
method and calculated the proportional constant by studying the quality loss function
model [3]. A mfultiple quality loss model was established and the tolerance design
method was studied by authors of [4]. A new method of process tolerance design for as-
sembly dimensions with multiple related quality characteristics was raised by other re-
searchers [5]. An optimal process mean model was also established in case the product
fails to meet the minimum specification standard [6]. A robust design of the mechanism
was developed from the perspective of asymmetric quality characteristics, and a robust
design optimization method with asymmetric quality loss has been proposed [7]. Based
on Taguchi’s quality loss model, the product quality model, including multiple sub qual-
ity indexes with relative quality deviation, was studied, and the multivariate form of qual-
ity loss model was launched (Fan et al., 2008) [8]. According to the changing demands of
the customer, the multivariate quality loss model from Fan Shuhai was improved, and an
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incremental model of multiple quality loss function was put forward [9]. The relationship
between SNR (Signal-to-noise ratio) and robustness of quality loss function model based
on engineering practice was studied and verified in [10]. The idea for establishing the
double response surface method was adopted and a new multiple response robust opti-
mization design was proposed according to improved quality loss function [11]. A
method to optimize the tolerance of products with multiple quality features was released
based on the related research of many scholars on multiple quality features [12]. Finally,
a quadratic quality loss model with smaller-the-better and larger-the-better characteristics
loss was proposed under the premise that the linear term was not neglected [13-16].

As the quality loss function failed to describe the quality compensation effect accu-
rately in production practice, the concept of quality gain-loss function was proposed
based on the idea that a constant term in Taylor series expansion means quality compen-
sation. A new dam construction quality loss and gain transfer model based on the GERT
(A graphic Review Technology) network was thus constructed and its effective algorithm
was designed. The quality gain-loss transfer model and the tolerance optimization
method of quality characteristics were studied further [17]. Under the condition that the
loss of linear term could not be ignored and the compensation amount remained un-
changed, a quality gain—loss function model with larger-the-better and smaller-the-better
characteristics was designed [18-21]. Considering the compensation effect in the dam con-
crete construction based on quality characteristics, a tolerance optimization model of dam
concrete construction quality was built, and the adjustment rate of the optimal tolerance
of each quality characteristic in each stage of dam concrete construction was studied, so
as to maximize the overall quality of construction [22,23]. The process mean design meth-
ods of quality gain-loss were discussed under different asymmetric conditions, respec-
tively. The concept of quality gain—loss function (QGLF) is proposed in this paper. A mul-
tivariate quality gain-loss function (M-QGLF) was constructed when considering the in-
teraction between multiple quality characteristics. The optimum process mean design
method under the condition of quality characteristic following skewed distribution was
analyzed based on an example, and the optimum process mean modified formula and
deviation degree calculation formula were previously proposed [24]. Furthermore, given
that the existing quality gain—loss function failed to describe the boundlessness in engi-
neering practice accurately, a form of inverted normal quality gain-loss function was pro-
posed based on the functional characteristics of the inverted normal function, and larger-
the-better and smaller-the-better characteristics and multivariate quality gain—loss func-
tion were designed [25]. Also, the fuzziness of quality characteristics was analyzed, the
fuzzy quality gain—loss function model was built, and the optimal process mean was de-
signed for asymmetric fuzzy quality gain—loss function [26].

In actual engineering situations, the definition and evaluation of product quality are
often based on imprecise intention, and the determination of target value will also be
based on approximation, assumptions and engineering experience, which does not have
absolute accuracy, which then leads to a certain grey color of quality characteristics, so the
quality loss and quality compensation are also imprecise. At the present stage of the pro-
posed research on the quality profit and loss function model, none of them takes into ac-
count the greyness of the quality characteristics. Therefore, compared with the known
quality gain-loss function model, this paper proposes the idea of grey quality gain-loss
and grey quality gain-loss cost on the basis of the inverse normal quality gain—loss func-
tion, and researches the calculation method of grey quality gain—loss cost. Under the con-
dition of constant compensation and hyperbolic tangent compensation, the grey quality
gain-loss function models featured by larger-the-better and smaller-the-better and multi-
element ones are built respectively. Finally, it is applied to the actual dam concrete con-
struction to verify the practicability of the model. Therefore, the establishment of a grey
quality profit and loss function model not only enrich the relevant quality theory, but also
provide some reference for the actual project quality control.
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2. Grey Analysis of Quality Gain Loss Function
2.1. Brief Introduction to Grey System Theory

In cybernetics, the depth of color is often used to describe the clarity degree of infor-
mation. For example, Ashby referred to objects with unknown internal information as
“black box”, which is now widely recognized. If the information is unknown, it is repre-
sented by “black”; if the information is completely clear, it is represented by “white”; and
if some parts of information are clear while others are not, it is represented by “grey”. The
system with part of its information clear and part of its information unclear is called a
grey system. In the process of system research, there are often disturbances inside and
outside the system. Coupled with the limited cognitive ability, the information obtained
is often uncertain, so it is difficult to fully recognize all the information reflecting the be-
havior of the system. Only the value range of system elements or parameters can be iden-
tified. Usually, the number with the value range instead of the exact value is called grey
number. The value range of the grey number can be an interval or a general number set.
For instance, an investment project should have a maximum investment limit, and an elec-
trical equipment needs to have a maximum critical value to withstand voltage or current.
When the project investment and the allowable values of voltage and current of electrical
equipment are all greater than zero, they are called interval grey numbers. If the age scope
of a person is from 30 to 35 years old, the person’s age may be 30, 31, 32, 33, 34 or 35.
Therefore, age is a discrete grey number, and a person’s height and weight are continuous
grey numbers. Because of the continuity of the quality gain—loss function, grey numbers
represent continuous grey numbers in this study.

In social, economic, engineering or scientific research activities, information and data
are often incomplete or inaccurate. For example, in agricultural production, it is difficult
to accurately estimate the output, output value or loss because of the lack of sufficient
information about the natural environment, climate conditions, market demand and labor
skills. When adjusting the price system, due to the insufficient forecast of people’s psy-
chological endurance, it is impossible to measure the mutual influence caused by the
changes in commodity prices, so that it is impossible to adjust the price system properly.
For the general social and economic system, given the system itself and its environment,
as well as the unclear external and internal boundaries of the system and unclear “internal”
and “external” relationship, it is difficult to analyze the relationship between input and
output. In addition, uncertainty is also reflected in people’s expression of certain objects,
ideas or states. For example, user satisfaction determines the quality of the product. The
higher the user satisfaction, the better the quality. However, as an experience state, user
satisfaction is an inaccurate concept without clear standards, and it is difficult to presently
express it accurately with data.

2.2. Grey Analysis of Quality Gain—Loss Function

In the actual production, the definition and evaluation of product quality is often
inaccurate, and the determination of target value is often based on experience or approx-
imation, hypothesis rather than accuracy, so there will be grey and even the quality loss
and inaccurate quality compensation. For example, it is imprecise that the stress-bearing
capacity of the parts in a certain production is not less than 60 MPa, and the rejection rate
is not more than 0.02%. In the case of incomplete information and inaccurate data, it is
inappropriate to carry out fine modeling. Especially in the actual construction process, if
certain process operation standards are established based on certain construction experi-
ence, they may fail to accurately describe the real situation. Therefore, the quality gain-
loss value calculated according to this grey standard is not accurate, it is grey. In addition,
the research of traditional quality gain—loss function on the compensation term is not de-
tailed enough, without considering the universality of the compensation function. In en-
gineering practice, there should be a variety of forms of compensation, including constant
compensation and other forms of compensation. In order to be general, we should also
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consider the variable case of quality compensation and improve the compensation func-
tion according to the practical application. In many cases, the quality gain-loss is asym-
metric, resulting in the asymmetric quality gain—-loss function. Therefore, given the above
disadvantages and based on the inverted normal quality gain-loss function, the grey qual-
ity gain—loss function model is established, and the grey quality gain—loss function models
with larger-the-better, smaller-the-better and multiple characteristics are set up. Accord-
ing to the quality characteristics of normal distribution, the grey quality loss cost is calcu-
lated.

3. Grey Quality Gain-Loss Function
3.1. Grey Quality Gain—Loss Function with Nominal-Type Characteristics

Assuming that the target value of a quality characteristic is grey, it can be expressed
as grey number ® e T,T, , where T,T, refers to the interval range of grey number,
among which the quality loss can be considered as 0, and the grey quality gain—-loss func-
tion is defined as:

20?
oy =186y , yelTuTd] 1)

2
oy +A{1~exp[~yzo}ﬂ y Y€ Ta,+00]

2
§oy +A[1exp( y-T, H , ye[-oo,T,

The grey quality gain-loss function model is modified by the piecewise function the-
ory:

goy +A{1—exp[— y-1 H , ye[-oT,

202
oy =<g6y , yelTuTd] @)

2
§oy +A{1—exp[—y_fﬂ , Y€ Ta+0]
205

Among them, T1 and T2 are the upper and lower bounds of the interval grey numbers,
A1 and A: are the maximum possible loss caused by deviation from the target value on
both sides, and o7 and o) are the shape parameters of the quality gain—loss function
adjusted on both sides.

(1) The Case of Constant Compensation

The quality compensation keeps constant, that is §y =a (constant), and the grey

quality gain—loss function of the quality characteristic y is as follows:

a+A{1—exp(— y-Th H , ye[-o,T,

20}
Py =1a . YelTuTl] 3)
2
a+A{1—exp(—y_T22 H , YE Tote0]
203

Then when §§y)=a (constant), the grey quality gain-loss function IS/Ey) curve is

shown in Figure 1.
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Figure 1. Curve of 0y with constant compensation.

(2) Hyperbolic Tangent Compensation

According to engineering practice and the characteristics of the hyperbolic tangent
function, the compensation function is set as the hyperbolic tangent function. In this case,
the grey quality compensation function is as follows:

2
Vewly 11 oYl
oy =18 , T,<y<T, , a>0 @)

2
= 4 s
Yooy Tyl P YT

In the case of asymmetric quality compensation, the asymmetric-hyperbolic tangent
grey quality compensation function can be expressed as:

2
_ [ ———
“ ety Tl P Y
oy =18 y T<y<T, , a>0 (5)

2
o= @ 4 ,
“ bty Ty P YT

The curve of asymmetric-hyperbolic tangent grey quality compensation function is
shown in Figure 2.
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Figure 2. Asymmetric-hyperbolic tangent quality compensation function curve (> 0).

The grey quality gain-loss function of asymmetric-hyperbolic tangent compensation

can be obtained as follows:
2 PN O i
L exp[2(y - T)] +1 +ﬁ+A{l exp[ 26?7 j] P Y <

Yy =4p ' TL<Y<T,  (6)

2 y-T, °
= 4 _ __J 2
% 1 exp[2(y - T,)] +1 ﬂ+A{1 exp( 202 H YT

Grey quality gain-loss function of asymmetric-hyperbolic tangent compensation
curve is shown in Figure 3.

0

A
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[
L

T; 7> ¥

Figure 3. Grey quality gain—loss function curve of asymmetric-hyperbolic tangent compensation (5 >
0).
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3.2. Grey Quality Gain—Loss Function with Larger-the-Better Characteristics

The grey number with lower bound and without upper bound is denoted as
®e[ax), where @ means the infimum of grey number ® , which is a certain number.

For example, the quality of a distant celestial body is the grey number with a lower bound,
since the quality of the celestial body must be greater than zero, but it is impossible to
know the exact value of its quality by general means. If ® is used to express the quality
of the celestial body, then ®«¢ [O,oo) .

ga(y) + A {1—9Xp{—(y2_oj)z}} , 0<y<a

§o(y) » y>a

2y) = @)

Among them, a is the infimum of the target value of grey quality characteristics,
A means the maximum gain-loss caused by deviation from the target value, and o] re-

fers to the shape parameter to adjust the loss function.
When the quality compensation keeps constant, i.e., ¢y =3 (constant), the grey

quality gain—loss function with larger-the-better characteristics is:

a+A {1—exp{—(y2_il)ﬂ , 0<y<a

)= ®)

a, , y>a

At this point, the grey quality gain-loss function curve with larger-the-better charac-
teristics is shown in Figure 4.

L](])) A

a;+ A;

ar N .

Figure 4. Grey quality gain-loss function curve with larger-the-better characteristics curve

(86(y) = & (constant)).

Similarly, when the compensation is a function of the quality characteristic value y,
the hyperbolic tangent compensation function is built based on the properties of the hy-
perbolic tangent function.

2
Q{Uy —a{lm}+ﬂ ’ yZO,a>0 (9)

It can be concluded that the grey quality gain-loss function with larger-the-better
characteristics of hyperbolic tangent compensation is shown as follows:
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Figure 5 shows the curve of grey quality gain-loss function with larger-the-better
characteristics of hyperbolic tangent compensation.

L (y) A

art f+ A

Figure 5. Grey quality gain—loss function curve with larger-the-better characteristics curve (hyper-
bolic tangent compensation).

3.3. Grey Quality Gain—Loss Function with Smaller-the-Better Characteristics

Some grey numbers with only upper bound but no lower bound can be expressed as
®e[-oo,é), where & means a certain number and also refers to the supremum of grey
number ® . For example, the opposite number of the mass of the celestial body is a grey
number with only an upper bound. If ® is used to represent the opposite number of the
mass of the celestial body, then ®e [-oo,O) .

In addition, based on smaller-the-better characteristics, when the quality characteris-
tics value reaches 0, the quality gain—loss is minimum and the target value of grey smaller-
the-better characteristics can be expressed as grey number ®e [0,5). For example, in the
installation process of ordinary concrete reinforcement, the bending of cold extrusion joint
of ribbed reinforcement is required to be less than or equal to 4°. The grey number can be
read as ®e [0,4) . The grey quality gain—loss function of smaller-the-better characteristics

is expected to be:

8 vy +A{l—exp{— yz_j }} . ysa

S

oy = (11)

gy , 0<y<a
Among them, @ means the infimum of the target value of grey quality characteris-
tics, A isthe maximum gain-loss that may be caused by deviation from the target value,
and o’ refers to the shape parameter for adjusting the loss function.
When the quality compensation is constant, i.e., §6(y)=a, (constant), the grey qual-

ity gain—loss function with smaller-the-better characteristics is expected to be:

= 2
y-a _
as+As{1—exp[— }} , y>a
%y = 20 (12)

a , 0<y<a




Processes 2022, 10, x FOR PEER REVIEW 9 of 15

In this case, the curve of grey quality gain—loss function with smaller-the-better char-
acteristics is shown in Figure 6.

A

as+ As

Yy

as

Figure 6. Curve of grey quality gain-loss function curve with smaller-the-better characteristics

( @@( Y) =@, (constant)).

Similarly, when the compensation is a function of the quality characteristic value y,
the hyperbolic tangent compensation function is built according to the properties of the
hyperbolic tangent function.

2

=gil-———— 4 , y>20 ,
0y ~afl g [ - y20 L a>0 (13)
Therefore, the grey quality gain-loss function with smaller-the-better characteristics

of hyperbolic tangent compensation is calculated as follows:

—2 + —ex _(y—é)z >a
%By)= a{l_exp[z(y—a)]+l} 'B+A{l p{ 20} }} Y (14)

B , 0<y<a

The curve of grey quality gain—-loss function with smaller-the-better characteristics of
hyperbolic tangent compensation is shown in Figure 7.

L) *

a[JrﬁJFA]

Figure 7. Curve of grey quality gain-loss function with smaller-the-better characteristics (hyper-
bolic tangent compensation).
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3.4. Multivariate Grey Quality Gain—Loss Function

Assuming several products have grey quality characteristics, including Y,, Y,,
Ya,..., Y, respectively, and the target value of quality characteristics Y; is ®, [T, T,] (I
=1, 2,...,I), then the corresponding PDF(Probability density function) of quality features
are written as f(y1), (y2), f(y3),..., f{y1) and the joint PDF of any two quality properties is
recorded as f(yi, yj) (i <j). Grey quality compensation is recorded as 6y, Y, V..o V).
Multivariate grey quality gain-loss function can be expressed as follows:

|
@O:Q/OYP Yo Yoo Vi + A 1-1 vy Imy

i=1,j=1
|

2 @Q)ﬁr)ﬁ)*i'&i[l* f(yi)/mi]+_Z_A1j[17 Oy y;) [ myl

i=1,j<1 i=1 i=li<j

:égﬁyiﬂﬂlf fy) ImI+ > 86y y;) + AL F(yi,y;) /myl

i=Li<j

:§%w+
| (15)

1
=S%y + > g >
i=1

i=1,j<1

where #4y,) is the quality compensation function of quality characteristic yi;, and g(y;, )

is the quality compensation function of mutual effect term; A: is the maximum quality loss
of self-effect term; f(yi) means the PDF of the quality loss of the self-effect term and the
maximum value is mi; Ajj (i < j) refers to the maximal quality loss of the mutual effect term;
f(yi, yj) is the PDF of the quality loss of the mutual effect term and the maximum value is
mi. %0y is the grey quality gain—loss function of self-effect of quality characteristic y,,

and % y is the grey quality gain-loss function of mutual influence of quality charac-
teristic y, and vy, . If the quality characteristics Y,, Y,, Y;,..., Y, obey normal distri-
bution, then
yi-Ta
g v, +A{1exp['z”ﬂ  Yi<Ta
207

B@ yi =180y v Tu<VYi<Ti (16)
L
8 v, +Aiz{1—9)(p[_y||2)} v Yi>Ti

2
20},
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3.5. Grey Quality Gain—Loss Cost

When the PDF of product quality characteristic y is known, the average grey quality
gain-loss is:

E[oy J=["Lby f y dy (18)

Namely:

L—f;{@@y)w[l—exp[—yzjﬂ}f y dy+f 86t v dy

+J':{§/0y +A{1—exp(—yzgzzﬂ}f y dy

When the quality characteristic obeys normal distribution (i.e., Y: N w0’ ), the PDF
of Yis:

(19)

2
1 -

f(y)= ,—Zmexp[— y2/21 1 7 TOO<Y <+ (20)
o

The expected gain-loss is:
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When the quality compensation keeps constant, the expected gain-loss is:
2
%y = Timp) o I o Tii
|8y ] a+A1{CD( o ) \/Uz+0—erXp|: 2 o’ +of }Xq)(m/az+afj}+A2 22)

2
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When the compensation term is hyperbolic tangent compensation, the expected

value of the hyperbolic tangent compensation term cannot be obtained directly by integral
operation. Therefore, MATLAB software can be used for calculating the expected com-
pensation part in this case.

As with quality gain-loss, the greater the expected gain-loss, the lower the quality

level. Therefore, the average grey quality gain—loss can be regarded as one of the stand-
ards for the determination of product quality level.

4. Example Calculation
4.1. Example 1

This example is based on the phase II concrete construction of Danjiangkou Dam

heightening project. According to Evaluation Form and Formfilling Instructions for Unit
Works of Water Conservancy and Hydropower Projects edited by the Construction and Man-
agement Department of the Ministry of Water Resources, the research was carried out in
combination with the design specifications and design requirements. In the construction
quality acceptance and evaluation of ordinary concrete appearance quality inspection pro-
cess, the cumulative area of pockmarked surfaces and honeycomb per 1000 m* should not
exceed 5m* for general engineering projects. If treatment measures are implemented in
the later stage, the cumulative area can be reduced, and a compensation effect can be pro-
duced. According to the engineering practice, the quality characteristic index of the cu-
mulative area of pockmarked surfaces and honeycomb has the grey smaller-the-better
quality characteristic, and obeys the normal distribution N 1,05 , the target value can

be expressed as ® [0,5], the maximum loss caused by deviation from the target value

reaches 300, the quality compensation is the hyperbolic tangent compensation, the com-
pensation coefficient is a=1, the compensation is positive compensation, and the maxi-
mum compensation is - 230.

Substituting =1, =230, a=5, ¢=0.5 into Formula (14), we can obtain:

2
2 —23O+300{1—exp{—(y5) H . y>5

1- <
%y) = exp[2(y-5)]+1 2x0.5?

~230 , 0<y<5
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It can be seen from Table 1 and Figure 8 that within the target value range of [05],

there will be no quality loss, and quality compensation will be formed after implementing
compensation measures. Within [05], the maximum quality compensation is -230, and
the quality gain—loss value is —230. When the target value range exceeds [05], the quality
loss begins to occur, and the quality compensation is carried out in the form of hyperbolic
tangent compensation. With the increase of the deviation between y value and the target

value, the grey quality gain-loss also increases, and tends toward the maximum value of
71 when y =9.5.

Table 1. Changes of quality gain—loss function Yoy .

y 0 5 5.5 6 6.5 7
Roy -230.000  -230.000 -111.497  30.161 67.572 70.863
y 7.5 8 8.5 9 9.5 10
oy 70.985 70.995 70.998 70.999 71.000 71.000

100

50

-50

-100'

-150"

-200"

-250"
0 1 2 3 4 5 & 7 8 9 10

Figure 8. Curve of quality gain — loss function IE/Oy .

4.2. Example 2

This part is also based on the Danjiangkou Dam project as an example. In the foun-
dation treatment and engineering, the dry density of a mud wall is set to be 1.4~1.6/cm? in
terms of the construction quality acceptance evaluation on a single hole splitting grouting
process. According to the engineering practice and design requirements, the quality char-
acteristics obey nominal-type and normal distribution, thatis, Y : N 1.5,0.5° . The target

value is grey and can be expressed as @’6[1.4,1.6] , and the specification limit is
LSLLUSL = 05,22 . Correspondingly, the maximum loss caused is A =100 yuan,
A, =70 yuan, and the quality compensation is fixed and positive, thatis, g y =-30.

It is known that the quality gain—loss reaches the maximum at the specification limit,
T,-LSL _14-05_ 0.225, o= USL-T, 22-16 _ 015
4 4 4 4

so the adjustment coefficient is o, =
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References

After substituting it with ¢ y =a=-30, A =100, A =70, T,=14, T,=16, wu=15and
0=0.5 in Formula (22), we can obtain the following grey quality gain-loss cost:

@(1'4‘1'5)7 03
0.5 J0.52 +0.2252
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5. Conclusions

The quality evaluation standard is grey in some cases, which leads to the grey calcu-
lation of quality profit and loss. Similarly, some quality indicators in the actual construc-
tion and production process are also defined as grey in the aspect of quality control of
dam concrete construction. Based on the inverted normal quality gain-loss function
model, this paper has applied Grey System Theory, put forward the ideas of grey quality
gain-loss and grey quality gain—loss cost, and studied the calculation method for grey
quality gain—loss cost.
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